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Abstract
Perturbations of super Poincare´ and weak Poincare´ inequalities for Le´vy type
Dirichlet forms are studied. When the range of jumps is finite our results are nat-
ural extensions to the corresponding ones derived earlier for diffusion processes; and
we show that the study for the situation with infinite range of jumps is essentially
different. Some examples are presented to illustrate the optimality of our results.
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1 Introduction
Functional inequalities of Dirichlet forms are powerful tools in the study of Markov semi-
groups and spectral theory of Dirichlet operators, see [2, 8, 10, 18] for accounts on functional
inequalities and applications. To establish a functional inequality, one often needs to verify
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some conditions on the generator, for instances the Bakry-Emery curvature condition in the
diffusion setting or the Lyapunov condition in a general setting, see e.g. [4, 11, 18]. Since
these conditions exclude generators with less regular coefficients, to establish functional in-
equalities in a more general setting one treats the singularity part as a perturbation. So, it
is important to investigate perturbations of functional inequalities.
It is a classical result that all Poincare´-Sobolev type inequalities are stable under bounded
perturbations, see e.g. [5, Section 3.3] and references therein. Under some regularity con-
ditions, functional inequalities could also be stable under unbounded perturbations. For
instance, in the diffusion setting (i.e. the underlying Dirichlet form is local) the stability of
the log-Sobolev inequality was proved in [1, Section 3] under an exponential integrability
condition on the gradient of the perturbation term. As for less regular perturbations, sharp
growth conditions have been presented in [3] for perturbations of super Poincare´ and weak
Poincare´ inequalities. Note that these two kinds of functional inequalities are general enough
to cover all Poincare´/Sobolev/Nash type inequalities, and thus, have a broad range of appli-
cations. However, perturbations of functional inequalities for non-local Dirichlet forms are
much less known in the literature.
Recently, explicit sufficient conditions were derived in [7, 6, 13, 19, 20] for functional
inequalities of stable-like Dirichlet forms. The aim of this paper is to extend perturbation
results derived in [3] to the non-local setting, so that combining with the existing sufficient
conditions we are able to establish functional inequalities for more general Dirichlet forms.
Due to the lack of the chain rule, the present study is much more complicated than in
the diffusion setting. Nevertheless, we are able to present some relatively clean and new
perturbation results, which are sharp as illustrated by some examples latter on, and when
the range of jumps is finite, are natural extensions to the corresponding results derived earlier
for diffusion processes.
Let (E, d) be a Polish space equipped with the Borel σ-field F and a probability measure
µ. Let B(E) be the set of all measurable functions on E, and let Bb(E) be the set of all
bounded elements in B(E). Let q ∈ B(E × E) be non-negative with q(x, x) = 0, x ∈ E,
such that
(1.1) λ := sup
x∈E
∫
E
(
1 ∧ d(x, y)2)q(x, y)µ(dy) <∞.
Then
Γ(f, g)(x) :=
∫
E
(f(x)− f(y))(g(x)− g(y))q(x, y)µ(dy), ∀x ∈ E,
f, g ∈ A := {f ∈ Bb(E) : Γ(f, f) ∈ Bb(E)}(1.2)
gives rise to a non-negatively definite bilinear map from A ×A to Bb(E). We assume that
A is dense in L2(µ). Then it is standard that the form
E (f, g) : = µ(Γ(f, g))
=
∫
E×E
(f(x)− f(y))(g(x)− g(y))q(x, y)µ(dy)µ(dx), f, g ∈ A(1.3)
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is closable in L2(µ) and its closure (E ,D(E )) is a symmetric conservative Dirichlet form,
see e.g. [9, Example 1.2.6]. A typical example of the framework is the α-stable-like Dirichlet
form, where E = Rm with d(x, y) = |x− y|, and
q(x, y) =
q˜(x, y)
u(y)|x− y|m+α , µ(dx) = u(x)dx
for some α ∈ (0, 2), non-negative q˜ ∈ Bb(Rm × Rm), and positive u ∈ B(Rm) such that
µ(dx) is a probability measure. In this case we have A ⊃ C20(Rm) which is dense in L2(µ)
for any probability measure µ on Rm.
To investigate perturbations of functional inequalities using growth conditions as in [3],
we fix a point o ∈ E and denote ρ(x) = d(o, x), x ∈ E. Now, for a ρ-locally bounded
measurable function V on E (i.e. V is bounded on the set {x ∈ E : ρ(x) ≤ r} for all r > 0)
such that µ(eV ) = 1, let µV (dx) = e
V (x)µ(dx). Since for every f ∈ A , Γ(f, f) given by (1.2)
is a bounded measurable function on E, we have
EV (f, f) :=
∫
E
Γ(f, f)(x)µV (dx) <∞.
Again by the argument in [9, Example 1.2.6], the form
EV (f, g) := µV (Γ(f, g)) =
∫
E×E
(f(x)− f(y))(g(x)− g(y))q(x, y)µ(dy)µV (dx)
defined for f, g ∈ A is closable in L2(µV ) and its closure (EV ,D(EV )) is a symmetric con-
servative Dirichlet form.
In this paper, we shall assume that E satisfies a functional inequality and then search
for conditions on V such that EV satisfies the same type of functional inequality. We now
briefly explain the motivation for the study of the perturbed Dirichlet form EV , which only
changes the underlying measure µ and keeps the non-negatively definite bilinear map Γ(f, f)
unchanged. Thus, the perturbation occurs essentially in the drift part of the generator of
the associated Markov process. Indeed, take E = Rm and d(x, y) = |x − y| for example.
Let (L, C∞0 (Rm)) be the pre-generator of a Markov process on Rm with invariant probability
measure µ and square field
Γ(f, f) =
1
2
Lf 2 − fLf, f ∈ C∞0 (Rm).
Consider the operator Lb := L+b·∇ for some measurable b : Rm → Rm. Then the associated
square field of Lb is still Γ(f, f), but the invariant probability measure (if exists) might be
different from µ, which is then regarded as a perturbed measure of µ.
In the following two sections, we will investigate perturbations of the super Poincare´
inequality and the weak Poincare´ inequality respectively. As mentioned above that known
results on functional inequalities for the non-local Dirichlet form EV (see [6, 13, 19]) require
regularity conditions on V, and in our results we only use growth conditions of V. So, this
paper does provide new results, which lead to examples of non-local Dirichlet forms with
singular potentials satisfying functional inequalities. For simplicity, throughout the paper
we will denote Γ(f) = Γ(f, f), E (f) = E (f, f) and EV (f) = EV (f, f).
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2 Perturbations of the Super Poincare´ inequality
We consider the following super Poincare´ inequality introduced in [15, 16]:
(2.1) µ(f 2) ≤ rE (f) + β(r)µ(|f |)2, r > 0, f ∈ D(E ),
where β : (0,∞) → (0,∞) is a decreasing function. Note that if (2.1) holds for some non-
decreasing function β, it holds also for the decreasing function β˜(r) := infs∈(0,r] β(s) in place
of β(r).
In the first two subsections, we consider Dirichlet forms with jumps of finite range and
of infinite range respectively. Then the optimality of results derived in these two situations
is illustrated in §2.3 by specific examples. Finally, to compare with perturbation results
derived in the diffusion setting, a variant condition is introduced in §2.4.
2.1 Jumps of finite range
To establish a super Poincare´ inequality for EV , we need the following quantities. For any
n ≥ 1 and k ≥ 1, let
Kn,k(V ) = sup
ρ(x)≤n+2
V (x)− inf
ρ(x)≤n+k+2
V (x),
Jn,k(V ) = sup
ρ(x)≤n+1
V (x)− 2 inf
ρ(x)≤n+k+2
V (x),
εn,k(V ) = sup
m≥n
{
β−1
(
1/[2µ(ρ > m− 1)])eKm,k(V )},
where β−1(s) := inf{r > 0 : β(r) ≤ s} for s > 0, with inf ∅ := ∞ by convention. Roughly
speaking, the parameter εn,k(V ) is a factor to measure the oscillation condition on V and
the decay condition on the rate function β in the given super Poincare´ inequality (2.1).
When the jump is of finite range, i.e. there exists k0 > 0 such that q(x, y) = 0 for
d(x, y) > k0, we have the following result corresponding to [3, Theorem 3.1] in the diffusion
setting.
Theorem 2.1. Assume that (2.1) holds and there exists k0 ≥ 1 such that q(x, y) = 0 for
d(x, y) > k0.
(1) If inf
n≥1,k≥k0
εn,k(V ) = 0, then the super Poincare´ inequality
(2.2) µV (f
2) ≤ rEV (f) + βV (r)µV (|f |)2, r > 0, f ∈ D(EV )
holds with
βV (r) := inf
{
(1 + 8λr′)eJn,k(V )β(s) : s > 0, r′ ∈ (0, r], n ≥ 1, k ≥ k0
such that 8εn,k(V ) + se
Kn,k(V ) ≤ r
′
2 + 16λr′
}
.
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(2) If inf
n≥1,k≥k0
εn,k(V ) <∞, then the Poincare´ inequality
(2.3) µV (f
2) ≤ CEV (f) + µV (f)2, f ∈ D(EV )
holds for some constant C > 0.
To prove this result, we shall adopt a split argument as in [3, Theorem 3.1] by estimating
µ(f 21{ρ≥n}) and µ(f 21{ρ≤n}) respectively. For later use in the proof of Theorem 2.4, the
following two lemmas allows the jump to have infinite range. Unlike in the local setting where
the chain rule is available, in the present situation the uniform norm ‖f‖∞ will appear in
our estimates. Below we simply denote Kn,k = Kn,k(V ), Jn,k = Jn,k(V ), Zn = Zn(V ), εn,k =
εn,k(V ), ζn = ζn(V ) and ti,n,k = ti,n,k(δ, V ). Moreover, let
γn,k =
∫
{d(x,y)>k,ρ(y)≥n−1}
q(x, y)µ(dy)µ(dx),
ηn,k =
∫
{ρ(x)>n+k+2,ρ(y)≤n+1}
q(x, y)µ(dy)µ(dx).
By (1.1), we have γn,k + ηn,k ↓ 0 as n ↑ ∞ for all k ≥ 1.
Lemma 2.2. For any n ≥ 1, k ≥ 1 and f ∈ A ,
µV (f
21{ρ≥n}) ≤ 12εn,kEV (f) + 128λεn,kµV (f 2) + 96ζnγn,k‖f‖2∞.
Proof. If f |{ρ≤n−1} = 0, by the Cauchy-Schwarz inequality we have
µ(|f |)2 = µ(|f |1{ρ>n−1})2 ≤ µ(ρ > n− 1)µ(f 2).
Substituting this into (2.1) with r = β−1
(
1
2µ(ρ>n−1)
)
we obtain
(2.4) µ(f 2) ≤ 2β−1(1/[2µ(ρ > n− 1)])E (f), f ∈ A , f |{ρ≤n−1} = 0.
To apply (2.4) for general f ∈ A , we consider fln instead of f , where ln := hn ◦ ρ for
some function hn ∈ C∞([0,∞); [0,∞)) satisfying
hn(s)


= 1, n ≤ s ≤ n+ 1,
∈ [0, 1], n− 1 ≤ s < n or n + 1 < s ≤ n + 2,
= 0, s < n− 1 or s > n + 2,
and
sup
s∈[0,∞)
|h′n(s)| ≤ 2.
It is easy to see that
|ln(x)− ln(y)| ≤ 2(1 ∧ d(x, y))
{
1{ρ(x)∈(n−2,n+3)} + 1{ρ(y)∈(n−1,n+2),ρ(x)/∈(n−2,n+3)}
}
.
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This implies
Γ(fln)(x)
≤ 2
∫
E
{
ln(y)
2(f(x)− f(y))2 + f(x)2(ln(x)− ln(y))2
}
q(x, y)µ(dy)
≤ 2
∫
{ρ(y)∈(n−1,n+2)}
(f(x)− f(y))2q(x, y)µ(dy) + 8λf(x)21{ρ(x)∈(n−2,n+3)}
+ 8f 2(x)1{ρ(x)/∈(n−2,n+3)}
∫
{ρ(y)∈(n−1,n+2)}
q(x, y)µ(dy).
(2.5)
Since
1{ρ(x)/∈(n−2,n+3)}
∫
{ρ(y)∈(n−1,n+2)}
q(x, y)µ(dy) ≤ 1{ρ(x)/∈(n−2,n+3)}
∫
{d(x,y)>1}
q(x, y)µ(dy) ≤ λ,
we have Γ(fln) ∈ Bb(E), and fln ∈ A .
Let
δn,k = e
Kn,kβ−1
(
1/[2µ(ρ > n− 1)]), θn := esupρ≤n+2 V β−1(1/[2µ(ρ > n− 1)]).
Combining (2.4) with (2.5), and noting that ρ(y) ∈ (n−1, n+2) and ρ(x) ≥ n+k+2 imply
d(x, y) > k, and∫
{ρ(x)>n+k+2,ρ(y)∈(n−1,n+2)}
(f(x)− f(y))2q(x, y)µ(dy)µ(dx)
≤ 4‖f‖2∞
∫
{ρ(x)>n+k+2,ρ(y)∈(n−1,n+2),d(x,y)>k}
q(x, y)µ(dy)µ(dx),
we obtain
µV (f
2l2n) ≤ esupρ≤n+2 V µ(f 2l2n)
≤ 2esupρ≤n+2 V β−1(1/[2µ(ρ > n− 1)])E (fln)
≤ 2esupρ≤n+2 V β−1(1/[2µ(ρ > n− 1)])µ(1{ρ≤n+k+2}Γ(fln))
+ 2esupρ≤n+2 V β−1
(
1/[2µ(ρ > n− 1)])µ(1{ρ>n+k+2}Γ(fln))
≤ 4δn,k
∫
{ρ(x)≤n+k+2,ρ(y)∈(n−1,n+2)}
(f(x)− f(y))2q(x, y)µ(dy)µV (dx)
+ 16δn,kλµV
(
1{ρ∈(n−2,n+3)}f
2
)
+ 16δn,k
∫
{ρ(x)≤n+k+2,ρ(x)/∈(n−2,n+3),ρ(y)∈(n−1,n+2)}
f(x)2q(x, y)µ(dy)µV (dx)
+ 32θn‖f‖2∞
∫
{ρ(y)∈(n−1,n+2),d(x,y)>k}
q(x, y)µ(dy)µ(dx).
(2.6)
Noting that εn,k = supm≥n δm,k, ζn = supm≥n θm,
∑∞
m=1 1{ρ(y)∈(m−1,m+2)} ≤ 3 and
1{ρ(x)≤n+k+2,ρ(x)/∈(n−2,n+3),ρ(y)∈(n−1,n+2)} ≤ 1{d(x,y)>1,ρ(y)∈(n−1,n+2)},
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and taking summations in (2.6) from n, we arrive at
µV (f
21{ρ≥n}) ≤
∞∑
m=n
µV (f
2l2m)
≤ 12εn,k
∫
E×E
(f(x)− f(y))2q(x, y)µ(dy)µV (dx) + 80εn,kλµV (f 2)
+ 48εn,k
∫
{d(x,y)>1}
f(x)2q(x, y)µ(dy)µV (dx)
+ 96ζn‖f‖2∞
∫
{ρ(y)≥n−1,d(x,y)>k}
q(x, y)µ(dy)µ(dx)
≤ 12εn,kEV (f) + 128λεn,kµV (f 2) + 96ζnγn,k‖f‖2∞.
Lemma 2.3. For any n, k ≥ 1, s > 0 and f ∈ A ,
µV (f
21{ρ≤n}) ≤ 2seKn,kEV (f) + 16λseKn,kµV (f 2) + 16seZnηn,k‖f‖2∞ + β(s)eJn,kµV (|f |)2.
Proof. Let φn : [0,∞)→ [0,∞) be a smooth function such that
φn(s)


= 1, s ≤ n,
∈ [0, 1], n ≤ s < n+ 1,
= 0, s > n + 1,
and
sup
s∈[0,∞)
|φ′n(s)| ≤ 2.
Set gn = φn ◦ ρ. Then gn ∈ A and
|gn(x)− gn(y)| ≤ 2(1 ∧ d(x, y))
(
1{ρ(x)≤n+1} + 1{ρ(x)>n+1,ρ(y)≤n+1}
)
.
So, similarly to (2.5) we have
Γ(fgn)(x) ≤ 2
∫
{ρ(y)≤n+1}
(f(x)− f(y))2q(x, y)µ(dy)
+ 8λf 2(x)1{ρ(x)≤n+k+2} + 8f
2(x)1{ρ(x)>n+k+2}
∫
{ρ(y)≤n+1}
q(x, y)µ(dy).
Note that ρ(x) > n+ k + 2 and ρ(y) ≤ n+ 1 imply that d(x, y) > k, and∫
{ρ(x)>n+k+2,ρ(y)≤n+1}
(f(x)− f(y))2q(x, y)µ(dy)µ(dx)
≤ 4‖f‖2∞
∫
{ρ(x)>n+k+2,ρ(y)≤n+1,d(x,y)>k}
q(x, y)µ(dy)µ(dx).
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Combining all the estimates above with (2.1), we obtain
µV (f
21{ρ≤n})
≤ µV (f 2g2n) ≤ esupρ≤n+1 V µ(f 2g2n)
≤ esupρ≤n+1 V
{
sµ(Γ(fgn)) + β(s)µ(|fgn|)2
}
= esupρ≤n+1 V
{
sµ(1{ρ≤n+k+2}Γ(fgn)) + sµ(1{ρ>n+k+2}Γ(fgn)) + β(s)µ(|fgn|)2
}
≤ seKn,kµV (1{ρ≤n+k+2}Γ(fgn)) + sesupρ≤n+1 V µ(1{ρ>n+k+2}Γ(fgn)) + β(s)eJn,kµV (|f |)2
≤ 2seKn,kEV (f) + 16λseKn,kµV (f 2) + 16seZnηn,k‖f‖2∞ + β(s)eJn,kµV (|f |)2.
Now, we are in a position to prove Theorem 2.1.
Proof of Theorem 2.1. It suffices to prove for f ∈ A .
(1) Since q(x, y) = 0 for d(x, y) > k0, we have γn,k = ηn,k = 0 for all k ≥ k0 So, by
Lemmas 2.2 and 2.3,
µV (f
2) ≤2(6εn,k + seKn,k)EV (f) + 16λ(8εn,k + seKn,k)µV (f 2)
+ β(s)eJn,kµV (|f |)2, s > 0, n ≥ 1, k ≥ k0.
(2.7)
If infn≥1,k≥k0 εn,k = 0, then for any r > 0 and any r
′ ∈ (0, r] there exist s > 0, n ≥ 1 and
k ≥ k0 such that
8εn,k + se
Kn,k ≤ r
′
2 + 16λr′
.
Combining this with (2.7) we obtain
µV (f
2) ≤ r′EV (f) + (1 + 8λr′)β(s)eJn,kµV (|f |)2 ≤ rEV (f) + (1 + 8λr′)β(s)eJn,kµV (|f |)2.
This implies the super Poincare´ inequality for the desired βV .
(2) According to the expression of the Dirichlet form (EV ,D(EV )), it is easy to check that
(EV ,D(EV )) is irreducible, i.e. EV (f, f) = 0 implies that f is a constant function. Indeed,
for every f ∈ D(EV ),
EV (f, f) =
∫
E×E
(
f(x)− f(y))2q(x, y)µ(dy)µV (dx).
Hence, if EV (f, f) = 0 for some f ∈ D(EV ), then
(
f(x) − f(y))2 = 0 for µV × µV -a.e.
(x, y) ∈ E × E, which implies that f equals to a constant µV -a.e.
According to [17, Corollary 1.2] (see also [12, Theorem 1]), for the symmetric, con-
servative, irreducible Dirichlet form (EV ,D(EV )), the desired Poincare´ inequality (2.3) is
equivalent to the following defective Poincare´ inequality
(2.8) µV (f
2) ≤ C1EV (f) + C2µV (|f |)2, f ∈ D(EV )
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for some constants C1, C2 > 0. Therefore, below we only need to verify (2.8).
If
(2.9) inf
n≥1,k≥k0
εn,k <
1
128λ
,
then there exist n ≥ 1, k ≥ k0 and s > 0 such that
16λ
(
8εn,k + se
Kn,k
)
< 1.
Therefore, the defective Poincare´ inequality follows from (2.7).
To prove (2.8) without condition (2.9), we follow the approach in the proof of [3, Theorem
3.1(2)] by making bounded perturbations of V . For any N ≥ 1, write
V = VN + (V ∧N) ∨ (−N), VN := (V −N)1{V≥N} + (V +N)1{V≤−N}.
Since (V ∧ N) ∨ (−N) is bounded and the defective Poincare´ inequality is stable under
bounded perturbations of V , we only need to prove that when V is unbounded we may find
N ≥ 1 such that the defective Poincare´ inequality holds for VN in place of V . Note that for
any N ≥ 1, µ(eVN ) < ∞. To prove (2.8), without loss of generality, we do not require that
µ(eVN ) = 1 in the proof below; otherwise, one can easily normalize it by choosing possibly
different positive (but still finite) constants C1 and C2 in (2.8). It is easy to check that for
n large enough
sup
ρ≤n
VN ≤
{ (
supρ≤n V
)−N, if supE V = +∞,
supρ≤n V, if supE V < +∞,
and
inf
ρ≤n
VN ≥
{ (
infρ≤n V
)
+N, if infE V = −∞,
infρ≤n V, if infE V > −∞.
Thus, for large n we have Kn,k(VN) ≤ Kn,k(V )−N , so that
inf
n≥1,k≥k0
εn,k(VN) ≤ e−N inf
n≥1,k≥k0
εn,k(V ).(2.10)
Since infn≥1,k≥k0 εn,k(V ) < ∞, we see that (2.9) holds for VN in place of V when N is large
enough. Therefore, the defective Poincare´ inequality holds for VN in place of V as observed
above.
2.2 Jumps of infinite range
When the jump is of infinite range, we will need additional notations and assumptions to
control the uniform norm appearing in the perturbed functional inequalities (see Lemmas
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2.2 and 2.3), which is an essentially different feature from the diffusion setting. For any
n, k ≥ 1 and δ > 1, let
Zn(V ) = sup
ρ(x)≤n+1
V (x),
ζn(V ) = sup
m≥n
{
β−1
(
1/[2µ(ρ > m− 1)])eZm+1(V )},
ti,n,k(δ, V ) := β
−1
(1
4
δie−Jn,k(V )
)
.
We assume
(A) There exist δ > 1 and sequences {(ni, ki)}i≥1 ⊂ N2 such that ni ↑ ∞ and
(A1) limi→∞(εni,ki(V ) + ti,ni,ki(δ, V )e
Kni,ki(V )) = 0;
(A2)
∑∞
i=1
(
ζni(V )γni,ki + ti,ni,ki(δ, V )e
Zni(V )ηni,ki
)
δi <∞.
Assumptions (A1) and (A2) refer to controls of the perturbations in terms of the finite
range jumps part and the infinite range jumps part respectively. Similarly to the condition
in Theorem 2.1(1), assumption (A1) means that the growth of V is dominated according to
behaviors of µ and β in the super Poincare´ inequality (2.1). On the other hand, assumption
(A2) balances the growth condition on V and the intensity of the jump kernel q of infinite
range, which is automatically satisfied if the range of jump is finite (i.e. there exists k0 ≥ 1
such that q(x, y) = 0 for d(x, y) > k0) since in the case γn,k = ηn,k = 0 for k ≥ k0.
Let Iδ denote the set of all sequences {(ni, ki)} ⊂ N2 such that ni ↑ ∞ and (A1)-(A2)
hold. Moreover, for any r > 0 and {ni, ki} ∈ Iδ, let D(r, {(ni, ki)}) be the set of j ∈ N such
that
(2.11) sup
i≥j
(
8εni,ki(V ) + ti,ni,ki(δ, V )e
Kni,ki(V )
) ≤ 1
64λ
∧ c(δ)r
16
,
where c(δ) :=
(√
δ−1
δ
)2
, and such that
(2.12)
∞∑
i=j
(
6ζni(V )γni,ki + ti,ni,ki(δ, V )e
Zni (V )ηni,ki
)
δi+2 ≤ 1
256
.
By (A), we see that for any r > 0 and {(ni, ki)} ∈ Iδ, the set D(r, {(ni, ki)}) is non-empty.
Theorem 2.4. Assume that (2.1) holds.
(1) If (A) is satisfied, then the super Poincare´ inequality (2.2) holds with
βV (r) := inf
{
2δj : {(ni, ki)} ∈ Iδ, j ∈ D(r, {(ni, ki)})
}
<∞, r > 0.
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(2) If (A2) is satisfied and (A1) is replaced by the following weaker assumption
(A1′) lim supi→∞(εni,ki(V ) + ti,ni,ki(δ, V )) <∞,
then the Poincare´ inequality (2.3) holds for some C > 0.
To prove Theorem 2.4, we need to get rid of the uniform norm included in Lemmas 2.2
and 2.3, for which we adopt a cut-off argument as in the proof of [15, Theorem 3.2] or [18,
Theorem 3.3.3]. More precisely, for δ > 1 in assumption (A) and a non-negative function f ,
let
(2.13) fδ,i = (f − δ i2 )+ ∧ (δ i+12 − δ i2 ), i ≥ 0.
According to [18, Lemma 3.3.2], for f ∈ D(EV ) and i, j ≥ 0, we have fδ,i, (f − δ j2 )+ and
f ∧ δ j2 ∈ D(EV ). Moreover,
(2.14)
∞∑
i=j
EV (fδ,i) ≤ EV ((f − δ
j
2 )+), EV ((f − δ
j
2 )+) + EV (f ∧ δ
j
2 ) ≤ EV (f).
We also have the following lemma.
Lemma 2.5. For any non-negative function f and k ∈ Z+ := {0, 1, 2, · · · },
(2.15)
∞∑
i=k
f 2δ,i ≥ c(δ)
(
(f − δ k2 )+)2.
Proof. We shall simply use f to denote its value at a fixed point. If f ≤ 1, then both sides
in (2.15) are equal to zero. Assume that f ∈ (δ l2 , δ l+12 ] for some l ∈ Z+. If l ≤ k then
∞∑
i=k
f 2δ,i =
(
(f − δ k2 )+)2 ≥ c(δ)((f − δ k2 )+)2.
Next, if l > k then
∞∑
i=k
f 2δ,i ≥ (δ
l
2 − δ l−12 )2 = c(δ)δl+1 ≥ c(δ)f 2.
In conclusion, (2.15) holds.
Proof of Theorem 2.4. Since EV (|f |, |f |) ≤ EV (f, f) for every f ∈ A , without loss of gener-
ality, we may and do assume that f ∈ A with f ≥ 0 and µV (f 2) = 1.
(1) By Lemmas 2.2 and 2.3, we have
µV (f
2) ≤2(6εn,k + seKn,k)EV (f) + 16λ(8εn,k + seKn,k)µV (f 2)
+ β(s)eJn,kµV (|f |)2 + 16
(
6ζnγn,k + se
Znηn,k
)‖f‖2∞, s, k ≥ 1, n ≥ 1.(2.16)
Next, let r > 0, {(ni, ki)} ∈ Iδ, j ∈ D(r, {(ni, ki)}) be fixed, and let fδ,i be defined by
(2.13). Since ‖fδ,i‖2∞ ≤ c(δ)δi+2 and by the Cauchy-Schwarz inequality
µV (fδ,i)
2 = µV (fδ,i1{f≥δi/2})
2 ≤ µV (f 2δ,i)µV (f 2 ≥ δi) ≤ µV (f 2δ,i)δ−i,
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it follows from (2.11) and (2.16) with n = ni and s = ti,ni,ki that
µV (f
2
δ,i) ≤
c(δ)r
8
EV (fδ,i) +
1
2
µV (f
2
δ,i) + 16c(δ)(6ζniγni,ki + ti,ni,kie
Zniηni,ki)δ
i+2, i ≥ j.
That is,
µV (f
2
δ,i) ≤
c(δ)r
4
EV (fδ,i) + 32c(δ)(6ζni,kiγni,ki + ti,ni,kie
Zniηni,ki)δ
i+2, i ≥ j.
Taking summation over i ≥ j and using (2.14), (2.15) and (2.12), we obtain
(2.17) µV
(
(f − δ j2 )+2) ≤ r
4
EV ((f − δ
j
2 )+) +
1
8
.
On the other hand, noting that c(δ) ∈ (0, 1) and δ > 1, applying (2.16) with n = nj and
s = tj,nj ,kj to f ∧ δ
j
2 , and combining with (2.11), (2.12), we obtain
µV (f
2 ∧ δj) ≤ c(δ)r
8
EV (f ∧ δ
j
2 ) +
1
4
µV (f
2 ∧ δj) + δ
j
4
µV (|f |)2
+ 16(6εnj,kjγnj ,kj + tj,nj ,kje
Znj ηnj ,kj)δ
j
≤ r
8
EV (f ∧ δ
j
2 ) +
1
2
µV (f
2 ∧ δj) + δ
j
4
µV (|f |)2 + 1
16
.
Thus,
µV (f
2 ∧ δj) ≤ r
4
EV (f ∧ δ
j
2 ) +
δj
2
µV (|f |)2 + 1
8
.
Combining this with (2.17) and using (2.14), we arrive at
1 = µV (f
2) ≤ µV
{
((f − δ j2 )+ + (f ∧ δ j2 ))2}
≤ 2µV
((
(f − δ j2 )+)2)+ 2µV (f 2 ∧ δj)
≤ r
2
(
EV ((f − δ
j
2 )+) + EV (f ∧ δ
j
2 )
)
+
1
2
+ δjµV (|f |)2
≤ r
2
EV (f) +
1
2
+ δjµV (|f |)2.
Therefore,
(2.18) µV (f
2) ≤ rEV (f) + 2δjµV (|f |)2
holds for all {(ni, ki)} ∈ Iδ and j ∈ D(r, {(ni, ki)}). This proves (2.2) for the desired βV .
(2) Similar to the proof of Theorem 2.1(2), we only need to prove the defective Poincare´
inequality (2.8). If
(2.19) lim sup
i→∞
(8εni,ki + ti,ni,kie
Kni,ki ) ≤ 1
64λ
,
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then there exist a constant r > 0 and j ≥ 1 such that (2.11) and (2.12) hold, i.e. j ∈
D(r, {(ni, ki)}). So, the arguments in (1) ensure (2.18), and so the defective Poincare´ in-
equality for C1 = r and C2 = 2δ
j . Let VN be in the proof of Theorem 2.1(2). It follows
from the proof of Theorem 2.1(2) that for n large enough Kn,k(VN) ≤ Kn,k(V )− N . Since
Jn,k(VN) ≤ Jn,k(V ) and β is decreasing, we have
lim sup
i→∞
ti,ni,ki(δ, VN)e
Kni,ki(VN ) ≤ e−N lim sup
i→∞
ti,ni,ki(δ, V )e
Kni,ki (V ),
which combined with (2.10) yields that
lim sup
i→∞
(
εni,ki(VN)+ti,ni,ki(δ, VN)e
Kni,ki(VN )
)
≤ e−N lim sup
i→∞
(
εni,ki(V )+ti,ni,ki(δ, V )e
Kni,ki(V )
)
.
Then the remainder of the proof is similar to that of Theorem 2.1(2) by using (2.19) instead
of (2.9).
2.3 Examples
The following example shows that Theorem 2.4 is sharp in some specific situations.
Example 2.6. Let E = Rm with d(x, y) = |x− y|, and let
q(x, y) =
(1 + |y|)m+α log(1 + |y|)
|x− y|m+α , µ(dx) =
cm,αdx
(1 + |x|)m+α log(1 + |x|) ,
where α ∈ (0, 2) and cm,α > 0 is the normalizing constant such that µ is a probability
measure. It is easy to see that all the assumptions in the introduction for (E ,D(E )) are
satisfied. We consider V satisfying
(2.20) − sε log log(e+ |x|)−K ≤ V (x) ≤ (1− s)ε log log(e + |x|) +K, x ∈ Rm
for some constants ε ∈ (0, 1], s ∈ [0, 1] and K ∈ R such that µ(eV ) = 1.
(1) If ε < 1 then (2.2) holds with
(2.21) βV (r) = exp
(
C1(1 + r
−1/(1−ε))
)
,
for some constant C1 > 0.
(2) βV in (1) can not be replaced by any essentially smaller functions, i.e. when V (x) =
ε log log(e + |x|) + K0 for some constant K0 ∈ R such that µ(eV ) = 1, the estimate
(2.21) is sharp in the sense that the super Poincare´ inequality (2.2) does not hold if
lim
r→0
r1/(1−ε) log βV (r) = 0.
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(3) In (1) the constant K can not be replaced by any unbounded positive function, i.e. for
any increasing function φ : [0,∞) → [0,∞) with φ(r) ↑ ∞ as r ↑ ∞, there exists V
such that
(2.22) ε log log(e + |x|) ≤ V (x) ≤ ε log log(e + |x|) + φ(|x|)
with µ(eV ) <∞, but the super Poincare´ inequality (2.2) with βV given by (2.21) does
not hold for µV (dx) :=
eV (x)dx
µ(eV )
.
(4) If ε = 1, then (EV ,D(EV )) satisfies the Poincare´ inequality
(2.23) µV (f
2) ≤ CEV (f, f) + µV (f)2, f ∈ D(EV )
with some constant C > 0.
Proof. As (2) is included in [19, Corollary 1.3], we only prove (1), (3) and (4).
(a) According to [19, Corollary 1.3(3)], we know the logarithmic Sobolev inequality holds
for (E ,D(E )), i.e. the super Poincare´ inequality (2.1) holds for (E ,D(E )) with the rate
function β(r) = exp
(
c1(1 + r
−1)
)
for some constant c1 > 0.
Next, by (2.20), there exists a constant c2 > 0 such that for n large enough
Kn,n(V ) ≤ ε log log n+ c2, Jn,n(V ) ≤ (1 + s)ε log logn + c2,
Zn(V ) ≤ (1− s)ε log log n+ c2, ζn(V ) ≤ c2
log1−(1−s)ε n
, εn,n(V ) ≤ c2
log1−ε n
,
γn,n ≤ c2
nα
, ηn,n ≤ c2
nα log(1 + n)
.
(2.24)
For any δ > 1, taking {ni} = {δi}∞i=1, and ki = ni, we get that ti,ni,ki(δ, V ) ≤ c3i−1 for i large
enough and some constant c3 > 0. So, assumption (A) is fulfilled.
Moreover, by (2.11) and (2.12), it is easy to check that for r > 0 small enough we have{
j ≥ 1 : j ≥ c4r− 11−ε
}
⊆ D(r, {(ni, ki)}).
Then, the assertion in (1) follows from Theorem 2.4(1) and (2.24).
(b) Let ψ(r) = (1 + log(1 + r)) ∧ eφ(r) for r ≥ 0. Then 1 ≤ ψ ≤ eφ, ψ(r) ↑ ∞ as r ↑ ∞
and ψ(r) ≤ 2 log r for large r. Let
V (x) = ε log log(e + |x|) + logψ(|x|).
Then V satisfies (2.22) and µ(eV ) < ∞. Up to a normalization constant we may simply
assume that µV (dx) = e
V (x)dx.
Now, suppose that (2.2) holds with βV given by (2.21). For any n ≥ 1, let fn ∈ C∞(Rd)
satisfy that
fn(x)


= 0, |x| ≤ n,
∈ [0, 1], n ≤ |x| ≤ 2n,
= 1, |x| ≥ 2n,
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and |∇fn| ≤ 2n . Then, there exists a constant c5 > 0 independent of n such that
Γ(fn, fn)(x) = cm,α
∫
(fn(y)− fn(x))2
|y − x|m+α dy
≤ 4cm,α
n2
∫
{|y−x|≤n}
dy
|y − x|m+α−2 + cm,α
∫
{|y−x|>n}
dy
|y − x|m+α
≤ c5
nα
, n ≥ 1.
(2.25)
According to the definition of fn and the increasing property of ψ, there exists c6 > 0 such
that
(2.26) µV (f
2
n) ≥
c6ψ(n)
nα log1−ε n
, n ≥ 2.
On the other hand, since ψ(r) ≤ 2 log r for large r, we have
µV (| · | > n) ≤ c7
∫ ∞
n
ψ(r)dr
r1+α log1−ε r
≤ c8 log
ε n
nα
, n ≥ 2.
Then
µV (fn)
2 ≤ µV (f 2n)µV (| · | > n) ≤
c8 log
ε n
nα
µV (f
2
n), n ≥ 2.
Combining this with (2.2), (2.25) and (2.26), we obtain
(2.27) 1− c8 log
ε n
nα
βV (r) ≤ c5r
nαµV (f 2n)
≤ c9r log
1−ε n
ψ(n)
, r > 0, n ≥ 2
for some constant c9 > 0. Since ψ(n) ≤ 2 logn for large n, it is easy to see that
rn := β
−1
V
( nα
2c8 log
ε n
)
≤ c10
log1−ε n
holds for some constant c10 > 0 and large n. Therefore, it follows from (2.27) that
1
2
≤ lim
n→∞
c9rn log
1−ε n
ψ(n)
= 0,
which is a contradiction.
(c) If ε = 1 in (2.20), the estimate (2.24) is still true, and so the required Poincare´
inequality follows from Theorem 2.4(2).
Finally, we consider an example for finite range of jumps to illustrate Theorem 2.1.
Example 2.7. Let E = Rm with d(x, y) = |x− y| and let
q(x, y) =
e|y|
κ
|x− y|m+α 1{|x−y|≤1}, µ(dx) = cm,κe
−|x|κdx
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for some constants 0 < α < 2, κ > 1 and cm,κ ≥ 1 such that µ is a probability measure. It is
easy to see that all the assumptions in the introduction for (E ,D(E )) is satisfied. Consider
V satisfying
(2.28) − C1(1 + |x|θ−1)−K ≤ V (x) ≤ C1(1 + |x|θ−1) +K, x ∈ Rm
for some constants θ ∈ (1, κ], C1 > 0 and K ∈ R such that µ(eV ) = 1.
(1) If θ < κ, then the super Poincare´ inequality holds for (EV ,D(EV )) with
βV (r) = C2 exp
[
C2 log
κ
κ−1 (1 + r−1)
]
for some positive constants C2 > 0.
(2) Let θ = κ. Then if C1 > 0 is small enough, then the Poincare´ inequality (2.23) holds
for some constants C > 0.
Proof. According to [6, Example 1.2(2)], we know the super Poincare´ inequality (2.1) holds
for (E ,D(E )) with
(2.29) β(r) = c1 exp
[
c1 log
κ
κ−1 (1 + r−1)
]
for some constant c1 > 0.
(1) By (2.28) and the fact that θ < κ, one can find some constants c2, c3 > 0 such that
for n large enough
Kn,n(V ) ≤ c2nθ−1, Jn,n(V ) ≤ c2nθ−1, εn,n(V ) ≤ e−c3nκ−1 .
Therefore, for every r small enough, taking
n = c4 log
1
κ−1 (1 + r−1)
and
s = exp
(− c5 log(1 + r−1))
for some constants c5 >> c4 >> 1, we obtain
8εn,n(V ) + se
Kn,n(V ) ≤ r
2(1 + 8λr)
.
The first required assertion for super Poincare´ inequality of (EV ,D(EV )) follows from Theo-
rem 2.1(1) and all the estimates above.
(2) Let θ = κ. By (2.28), (2.29) and the definition of µ, for n large enough we have
Kn,n(V ) ≤ 3C1nκ−1, β−1(µ(|x| > n− 1)−1) ≤ e−c6nκ−1,
for some constant c6 > 0 depending only on β and µ. So, if C1 < c6/3, then infn≥1 εn,n(V ) <
∞. Therefore, by Theorem 2.1(2), the Poincare´ inequality holds for (EV ,D(EV )).
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To show that in Example 2.7(2) it is essential to assume that C1 > 0 is small, we present
below a counterexample inspired by [3, Proposition 5.1].
Proposition 2.8. In the situation of Example 2.7, let θ = κ, α ∈ (0, 1) and m = 1. Let
V (x) = K0 + L
∞∑
n=1
1[nH,(n+1)H)(x)(n + 1)
κ−1
(
2n+ 1− 2x
H
)
,
where H > 4, L > κH
κ
H−2 and K0 ∈ R are constants such that µ(eV ) = 1. Then (2.28) holds for
some constant C1 > 0 and K ∈ R; however, for any C > 0, the Poincare´ inequality (2.23)
does not hold.
Proof. It suffices to disprove the Poincare´ inequality, for which we are going to construct a
sequences of functions {fn} ⊂ A such that
lim
n→∞
EV (fn)
VarµV (fn)
= 0.
For n ≥ 1, let
fn(x) =


∫ x
Hn+1
exp(yκ−V (y))dy
∫H(n+1)−1
Hn+1 exp(y
κ−V (y))dy , x ∈ (Hn+ 1, H(n+ 1)− 1),
1, x ∈ [H(n+ 1)− 1,+∞),
0, otherwise,
which is a bounded Lipschitz continuous function on R, so that fn ∈ A . In the following
calculations C stands for a constant which varies from line to line but is independent of n
(may depend on H or L). We simply denote Kn = L(n + 1)
κ−1 for n ≥ 1, so that
V (x) = K0 +
∞∑
n=1
1[nH,(n+1)H)(x)Kn
(
2n+ 1− 2x
H
)
.
(a) Estimate on VarµV (fn). For n large enough, since z 7→
(
zκ −Kn+1(2n + 3 − 2zH )
)
is
increasing, we have
µV (f
2
n) ≥ µV
(
H(n+ 1) ≤ x ≤ H(n+ 2))
≥ C
∫ H(n+2)
H(n+1)
exp
(
Kn+1(2n+ 3− 2zH )− zκ
)
κzκ−1 + 2Kn+1
H
d
(
zκ −Kn+1(2n+ 3− 2z
H
)
)
≥ C
{
exp
(− (H(n+ 1))κ +Kn+1)− exp (− (H(n+ 2))κ −Kn+1)}
(n+ 2)κ−1
≥ C exp
(− (H(n+ 1))κ +Kn+1)
(n + 2)κ−1
.
Noting that for n large enough,
µV (fn)
2 = µV (fn1{x≥n})
2 ≤ µV (f 2n)µV (x ≥ n) ≤
µV (f
2
n)
2
,
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we arrive at
(2.30) VarµV (fn) ≥
C exp
(− (H(n+ 1))κ +Kn+1)
(n+ 2)κ−1
.
(b) Estimate on EV (fn). Let
gn(x) =
(∫ H(n+1)−1
Hn+1
exp
(
yκ − V (y))dy)fn(x).
Noting that g′n(x) 6= 0 only when x ∈ (Hn+ 1, H(n+ 1)− 1), we have
EV (gn) ≤ C
∫ H(n+1)
Hn
(∫
{|x−y|≤1}
| ∫ y
x
g′n(z)dz|2
|x− y|1+α dy
)
exp
(− xκ + V (x))dx
= C
∫ H(n+1)
Hn
(∫
{|x−y|≤1,x≤y}
| ∫ y
x
g′n(z)dz|2
|x− y|1+α dy
)
exp
(− xκ + V (x))dx
+ C
∫ H(n+1)
Hn
(∫
{|x−y|≤1,x>y}
| ∫ y
x
g′n(z)dz|2
|x− y|1+α dy
)
exp
(− xκ + V (x))dx
=: C(I1 + I2).
Since g′n(x) = exp
(
xκ − V (x)) for x ∈ (Hn + 1, H(n + 1) − 1), and since for large n the
function z 7→ zκ − V (z) is increasing on (Hn,H(n+ 1)), by the Cauchy-Schwarz inequality
we have, for x ∈ (Hn,H(n+ 1)− 1) and x ≤ y ≤ x+ 1,
| ∫ y
x
g′n(z)dz|2
|x− y|1+α
=
| ∫ y∧(H(n+1)−1)
x∨(Hn+1) g
′
n(z)dz|2
|x− y|1+α
≤
| ∫ y∧(H(n+1)−1)
x∨(Hn+1) exp
(
zκ − V (z))dz|
|x− y|1+α
∫ y∧(H(n+1)−1)
x∨(Hn+1)
|g′n|2(z)e−z
κ+V (z)dz
≤ exp
(
(x+ 1)κ − V (x+ 1))
|x− y|α
(∫ H(n+1)−1
Hn+1
|g′n|2(z)e−z
κ+V (z)dz
)
.
Thus, since α ∈ (0, 1),
I1 ≤ C
(∫ H(n+1)−1
Hn+1
|g′n|2(z) exp
(− zκ + V (z))dz)
×
[ ∫ H(n+1)−1
Hn
(∫
{|x−y|≤1}
1
|x− y|αdy
)
exp
(
(x+ 1)κ − xκ − V (x+ 1) + V (x)
)
dx
]
≤ C
(∫ H(n+1)−1
Hn+1
exp
(
zκ − V (z))dz) exp(κ(H(n+ 1))κ−1 + 2Kn
H
)
.
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Similarly, we have
I2 ≤ C
∫ H(n+1)−1
Hn+1
exp
(
zκ − V (z))dz.
So, for n large enough,
EV (gn) ≤ C
(∫ H(n+1)−1
Hn+1
exp
(
zκ − V (z))dz) exp(κ(H(n+ 1))κ−1 + 2Kn
H
)
.
Moreover, for large n,∫ H(n+1)−1
Hn+1
exp
(
zκ − V (z)) dz
=
∫ H(n+1)−1
Hn+1
exp
(
zκ − 2Kn(Hn−z)
H
−Kn
)
κzκ−1 + 2Kn
H
d
(
zκ − 2Kn(Hn− z)
H
−Kn
)
≥ C exp
(
(H(n+ 1)− 1)κ + (H−2)Kn
H
)− exp ((Hn+ 1)κ − (H−2)Kn
H
)
(n+ 1)κ−1
≥ C exp
(
(H(n+ 1)− 1)κ + (H−2)Kn
H
)
(n + 1)κ−1
,
Therefore, for large n,
EV (fn) =
EV (gn)
(
∫ H(n+1)−1
Hn+1
exp
(
zκ − V (z))dz)2
≤ C exp
(
κ(H(n+ 1))κ−1 + 2Kn
H
)
∫ H(n+1)−1
Hn+1
exp
(
zκ − V (z))dz
≤ C(n + 1)κ−1 exp
(
κ(H(n+ 1))κ−1 − (H(n+ 1)− 1)κ − (H − 4)Kn
H
)
.
(2.31)
(c) Combining (2.30) with (2.31) and noting that
(H(n+ 1))κ − (H(n+ 1)− 1)κ ≤ κ(H(n+ 1))κ−1,
we obtain
lim
n→∞
EV (fn, fn)
VarµV (fn)
≤ C lim
n→∞
(n+ 2)2(κ−1) exp
(
2κ(H(n+ 1))κ−1 − 2(H − 2)
H
Kn
)
= 0
since
L >
κHκ
H − 2 .
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2.4 A variation condition
It is well known that in the diffusion case the super Poincare´ inequality is stable under
Lipschitz perturbations (see [15, Proposition 2.6]). The aim of this section is to extend this
result to the non-local setting using a variation condition on supp q := {(x, y) : q(x, y) > 0}.
Theorem 2.9. Assume that (2.1) holds. If there exists a constant κ1 > 0 such that κ2 :=
µV (e
−2V ) = µ(e−V ) <∞ and
(2.32) |V (x)− V (y)| ≤ κ1(1 ∧ d(x, y)), (x, y) ∈ supp q.
Then (2.2) holds for
βV (s) := inf
{
16κ2β(r)
3(4 + λκ21s
′) : s′ ∈ (0, s], 0 < r ≤ s
′e−κ1
4 + λκ21s
′
}
, s > 0.
Proof. To prove (2.2) for the desired βV , we may and do assume that V is bounded. Indeed,
for any n ≥ 1 let
Vn = (V ∧ n) ∨ (−n)− logµ(e(V ∧n)∨(−n)).
Then µ(eVn) = 1, (2.32) holds for Vn in place of V , and
lim
n→∞
µVn(e
−2Vn) = κ2.
Thus, applying the assertion to the bounded Vn and letting n→∞, we complete the proof.
Now, let V be bounded and let f ∈ A with µV (|f |) = 1. Take f˜ = feV2 . By (2.32) we
have for every x, y ∈ suppq,(
1− eV (x)−V (y)2 )2 ≤ eκ1κ21
4
(
1 ∧ d2(x, y)),
hence
Γ(f˜)(x) ≤ 2
∫
E
{
eV (y)(f(x)− f(y))2 + f 2(x)(eV (x)2 − eV (y)2 )2
}
q(x, y)µ(dy)
≤ 2eV (x)+κ1Γ(f)(x) + 1
2
κ21λe
V (x)+κ1f 2(x).
Since V is bounded, this implies f˜ ∈ A . Moreover, combining this with (2.1), we obtain for
every r > 0
µV (f
2) = µ(f˜ 2) ≤ rµ(Γ(f˜)) + β(r)µ(|f˜ |)2
≤ 2reκ1EV (f) + rκ
2
1
2
λeκ1µV (f
2) + β(r)µV (|f |e−V2 )2.
(2.33)
Since µV (|f |) = 1, for any R > 0 we have µV (|f | > R) ≤ 1R , and hence,
µV (|f |e−V2 )2 ≤ 2µV (|f |e−V2 1{|f |≤R})2 + 2µV (|f |e−V2 1{|f |≥R})2
≤ 2RµV (|f | 12 e−V2 )2 + 2µV (f 2)µV (e−V 1{|f |>R})
≤ 2RµV (|f |)µV (e−V ) + 2µV (f 2)
√
µV (|f | > R)µV (e−2V )
≤ 2R + 2µV (f 2)
√
κ2√
R
,
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where in the second and the third inequalities we have used the Cauchy-Schwarz inequality.
Taking R = 16κ2β(r)
2, we get
β(r)µV (|f |e−V2 )2 ≤ 32κ2β(r)3 + 1
2
µV (f
2).
Substituting this into (2.33), we arrive at
µV (f
2) ≤ 4reκ1EV (f) + rκ21λeκ1µV (f 2) + 64κ2β(r)3.
Therefore, for any s > 0 and s′ ∈ (0, s] such that
r ≤ s
′e−κ1
4 + λκ21s
′ ,
we have
µV (f
2) ≤ s′EV (f) + 16κ2β(r)3(4 + λκ21s′) ≤ sEV (f) + 16κ2β(r)3(4 + λκ21s′).
This implies the desired super Poincare´ inequality.
Let E = Rm and d(x, y) = |x−y|. If the jumps are of finite range, i.e. there is a constant
k ≥ 1 such that q(x, y) = 0 for |x − y| > k, then (2.32) holds for any Lipschitz function
V . Therefore, the above theorem implies that the super Poincare´ inequality is stable for
all Lipschitiz perturbations as it is known in the diffusion case. Note that, the defective
log-Sobolev inequality
µ(f 2 log f 2) ≤ C1E (f) + C2, f ∈ D(E ), µ(f 2) = 1
holds for some C1, C2 > 0 if and only if the super Poincare´ inequality (2.1) holds for β(r) =
ec(1+r
−1) for some c > 0, see [16, Corollary 1.1] for δ = 1. On the other hand, since the
symmetric conservative Dirichlet form (EV ,D(EV )) is irreducible, also by [17, Corollary 1.2]
(see also [12, Theorem 1]), the defective log-Sobolev inequality above implies the (true)
log-Sobolev inequality
µ(f 2 log f 2) ≤ CE (f), f ∈ D(E ), µ(f 2) = 1
for some constant C > 0. Therefore, we conclude from Theorem 2.9 that the log-Sobolev
inequality is stable under perturbations of Lipschitz functions V. See [6, Example 1.2] for
examples of µ and q having finite range of jumps such that the log-Sobolev inequality holds.
3 Perturbations for the weak Poincare´ inequality
Suppose that the weak Poincare´ inequality
(3.1) µ(f 2) ≤ β(r)E (f, f) + r‖f‖2∞, r > 0, f ∈ D(E ), µ(f) = 0,
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holds for some decreasing function β : (0,∞) → (0,∞). To derive the weak Poincare´ in-
equality for EV using growth conditions on V , for any n, k ≥ 1 let
K˜n,k(V ) = sup
ρ≤n
V − inf
ρ≤n+k+1
V, Z˜n(V ) = sup
ρ≤n
V,
η˜n,k =
∫
{ρ(x)>n+k+1,ρ(y)≤n+1}
q(x, y)µ(dy)µ(dx), γ˜k =
∫
{d(x,y)>k}
q(x, y)µ(dy)µ(dx).
It is clear that η˜n,k ≤ γ˜k. By (1.1) we have η˜n,k ↓ 0 as n ↑ ∞ or k ↑ ∞.
Theorem 3.1. Assume that the weak Poincare´ inequality (3.1) holds. If for any ε > 0
(3.2) inf
n,k≥1
eZ˜n(V )β
(
εe−Z˜n(V )
)(
η˜n,k + γ˜k + µ(ρ > n− k)
)
= 0,
then
(3.3) µV (f
2) ≤ βV (r)EV (f, f) + r‖f‖2∞, r > 0, f ∈ D(EV ), µV (f) = 0
holds for
βV (r) := inf
{
2β
(r
8
e−Z˜n(V )
)
eK˜n,k(V ) : 6µV (ρ > n)
+ 2eZ˜n(V )β
(r
8
e−Z˜n(V )
)(
4η˜n,k + γ˜k + 4λµ(ρ > n− k)
) ≤ r
2
}
<∞, r > 0.
In finite range case, e.g. q(x, y) = 0 for d(x, y) ≥ 1, (3.2) is reduced into
inf
n,k≥1
eZ˜n(V )β
(
εe−Z˜n(V )
)
µ(ρ > n− k)) = 0,
then Theorem 3.1 is similar to [3, Proposition 4.1] for local Dirichlet forms.
Proof of Theorem 3.1. It is easy to see that (3.2) implies βV (r) <∞ for r > 0. Let gn be as
in the proof of Lemma 2.3. Then for any f ∈ A with µV (f) = 0, we have
µV (fgn)
2 = µV (f(1− gn))2 ≤ ‖f‖2∞µV (ρ > n)2.
Moreover,
VarµV (fgn) ≤ µV
(
(fgn − µ(fgn))2
)
≤ esupρ≤n V µ(1{ρ≤n}(fgn − µ(fgn))2)+ µV (1{ρ>n}(fgn − µ(fgn))2)
≤ esupρ≤n VVarµ(fgn) + 4‖f‖2∞µV (ρ > n).
Then
µV (f
2) ≤ VarµV (fgn) + µV (fgn)2 + µV (f 21{ρ>n})
≤ esupρ≤n VVarµ(fgn) + 6‖f‖2∞µV (ρ > n).
(3.4)
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On the other hand, we have
esupρ≤n V E (fgn) ≤2esupρ≤n V
∫
E×E
g2n(y)(f(x)− f(y))2q(x, y)µ(dy)µ(dx)
+ 2esupρ≤n V
∫
E×E
f 2(x)(gn(x)− gn(y))2q(x, y)µ(dy)µ(dx)
≤2eK˜n,k(V )EV (f) + 2eZ˜n(V )(4η˜n,k + γ˜k + 4λµ(ρ > n− k))‖f‖2∞,
where in the last inequality we make the first integral on the sets {ρ(x) ≤ n + k + 1} and
{ρ(x) > n+ k+1}, and the second integral on the sets {ρ(x) ≤ n− k} and {ρ(x) > n− k},
and also use the facts that∫
{ρ(x)>n+k+1}
g2n(y)(f(x)− f(y))2q(x, y)µ(dy)µ(dx) ≤ 4η˜n,k‖f‖2∞,∫
{ρ(x)≤n−k}
f 2(x)(gn(x)− gn(y))2q(x, y)µ(dy)µ(dx) ≤ γ˜k‖f‖2∞,∫
{ρ(x)>n−k}
f 2(x)(gn(x)− gn(y))2q(x, y)µ(dy)µ(dx) ≤ 4λµ(ρ > n− k)‖f‖2∞.
Here, in the second inequality we have used the fact that for any x ∈ E with ρ(x) ≤ n− k,
gn(x) = 1, and so, by the definition of gn, |gn(x)− gn(y)| 6= 0 only for y ∈ E with ρ(y) > n.
Combining this with (3.4) and (3.1), we arrive for any s > 0 at
µV (f
2) ≤2β(s)eK˜n,k(V )EV (f)
+ ‖f‖2∞
{
6µV (ρ > n) + 4se
Z˜n(V ) + 2β(s)eZ˜n(V )(4η˜n,k + γ˜k + 4λµ(ρ > n− k))
}
.
So, for any r > 0, let s = r
8
e−Z˜n(V ). If for some n, k ≥ 1 one has
6µV (ρ > n) + 2e
Z˜n(V )β
(r
8
e−Z˜n(V )
)(
4η˜n,k + γ˜k + 4λµ(ρ > n− k)
) ≤ r
2
,
then
µV (f
2) ≤ 2β(s)eK˜n,k(V )EV (f) + r‖f‖2∞.
Therefore, the proof is finished.
To conclude this section, we present an example where (E ,D(E )) satisfies the Poincare´
inequality, i.e. the weak Poincare´ inequality (3.1) holds for a constant function β.
Example 3.2. Let E = Rm with d(x, y) = |x− y|. Let
q(x, y) =
(1 + |y|)m+α
|x− y|m+α , µ(dx) =
cm,αdx
(1 + |x|)m+α
for some constant 0 < α < 2, where cm,α is a normalizing constant such that µ is a probability
measure. Then A ⊃ C20(Rm), and according to [19, Corollary 1.2(1)], (3.1) holds for a
constant rate function β(r) ≡ β > 0.
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Now, let V be measurable satisfying
(3.5) − sε log(1 + |x|)−K ≤ V (x) ≤ (1− s)ε log(1 + |x|) +K, x ∈ Rm
for some constants ε ∈ [0, α), s ∈ [0, 1] and K ∈ R such that µ(eV ) = 1. Then the weak
Poincare´ inequality (3.3) holds with
(3.6) βV (r) = C
(
1 + r−ε/(α−(1−s)ε)
)
for some constant C > 0.
Moreover, the assertion is sharp in the following two cases with s = 0.
(i) βV in (3.6) is sharp, i.e. βV can not be replaced by any essentially smaller functions:
if
lim
r→0
rε/(α−ε)βV (r) = 0,
then the weak Poincare´ inequality (3.3) does not hold.
(ii) The constant K can not be replaced by any unbounded functions: for
(3.7) V (x) = ε log(1 + |x|) + φ(|x|) +K0,
where ε ∈ [0, α), φ : [0,+∞) → [0,+∞) is an increasing function with φ(r) ↑ ∞ as
r ↑ ∞ such that µ(eε log(1+|·|)+φ(|·|)) <∞, and K0 ∈ Rd is such that µ(eV ) = 1, the weak
Poincare´ inequality (3.3) with the rate function βV given by (3.6) does not hold.
Proof. Take k = n
2
. Then there is a constant c1 > 0 such that for n large enough
K˜n,n
2
(V ) ≤ ε log(1 + n) + c1, Z˜n(V ) ≤ ε(1− s) log(1 + n) + c1,
η˜n,n
2
+ γ˜n
2
+ µ
(
ρ >
n
2
) ≤ c1
nα
, µV (ρ > n) ≤ c1
nα−(1−s)ε
.
Since ε ∈ [0, α), we see that (3.2) holds and there exists c2 > 0 such that
6µV (ρ > n) + 2βe
Z˜n(V )
(
4η˜n,n
2
+ γ˜n
2
+ 4λµ(ρ >
n
2
)
) ≤ c2
2nα−(1−s)ε
, n ≥ 1.
Thus, in the definition of βV for small r > 0 we may take n = (
c2
r
)
1
α−(1−s)ε to get
βV (r) ≤ 2βeK˜n,n2 (V ) ≤ c3r−ε/(α−(1−s)ε)
for some constant c3 > 0. Therefore, there exists C > 0 such that the weak Poincare´
inequality (3.3) holds for βV given in (3.6).
It remains to verify (i) and (ii), where the assertion (i) has been included in [19, Corollary
1.2(3)]. So, it suffices to consider (ii). Now, assume that the weak Poincare´ inequality holds
for (EV ,D(EV )) with the rate function
βV (r) = c4(1 + r
− ε
α−ε )
24
for some constant c4 > 0. For any n ≥ 1, let fn ∈ C∞(Rd) be in part (b) of the proof of
Example 2.6. By (2.25) and noting that µV (fn)
2 ≤ 1
2
µV (f
2
n) for large n, there exist constants
c5, c6 > 0 such that for n large enough,
EV (fn) ≤ c5n−α, µV (f 2n)− µV (fn)2 ≥
c6e
φ(n)
nα−ε
.
Combining these with (3.3), we obtain that there exists c7 > 0 such that for all r > 0 and
for n large enough,
c7e
φ(n)
nα−ε
≤ βV (r)
nα
+ r.
Taking r = c7
2
eφ(n)
nα−ε
in the inequality above, we arrive at
(3.8) βV
(c7
2
eφ(n)
nα−ε
)
≥ c7
2
nεeφ(n).
Since there is c8 > 0 such that for n large enough
eφ(n)
nα−ε
≤ c8
∫
{|x|≥n}
eφ(|x|)
(1 + |x|)m+α−ε dx,
it holds that
lim
n→∞
eφ(n)
nα−ε
= 0,
which, along with the definition of βV , yields that there is a constant c9 > 0 such that for n
large enough
βV
(c7eφ(n)
2nα−ε
)
≤ c9nεe−εφ(n)/(α−ε),
which is a contradiction to (3.8) since limr→∞ φ(r) = ∞. Therefore, the weak Poincare´
inequality does not hold with the rate function (3.6).
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